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Lesson Study and Teachers' Knowledge Development: Collaborative Critique of a 
Research Model and Methods 

Interactive Symposium Outline 

AERA 2003, Division K, Section 7, Tuesday April 22, 2003 

Session Panelists: Catherine Lewis, Rebecca Perry, and Aki Murata, Mills College; 
Session Chair: Brian Lord, Education Development Center; 

Session Discussant: Akihiko Takahashi, DePaul University 

Symposium Goals 

1. Learn about and provide input to a conceptual framework designed to represent lesson 
study’s relationship to teachers’ knowledge development; 

2. Evaluate the adequacy of early evidence of teachers' knowledge development during 
lesson study and of methods for capturing it; 

3. Strengthen connections among researchers interested in studying the impact of lesson 
study and other professional development approaches. 



Symposium Format 

Introductions (Brian Lord, EDC) 

Part 1: Presentation of Model, Methods, and Examples (Perry, Murata, Lewis) 

■ Presentation of current models and measures (8 minutes) 

■ Presentation of 3 examples of evidence (27 minutes) 

Part 2: Feedback and Discussion on Models and Evidence 

■ Written feedback from all participants (10 minutes) 

■ Discussion with audience (35 minutes) 

Closing Synthesis: Discussant Akihiko Takahashi, DePaul University) (5 minutes) 

Background on Lesson Study and Teachers’ Knowledge Development 

During "lesson study" teachers formulate long-term goals for student learning and 
development; collaboratively work on “research lessons” to bring these goals to life; 
document and discuss student responses to these lessons; and revise the lessons (and the 
broader approach to instruction) in response to student learning (Lewis & Tsuchida, 
1998; Lewis, 2002; Fernandez et ah, 2001; Yoshida, 1999; Stigler & Eliebert, 1999). 
These four activities - planning, observing, analyzing student learning, and revising 
instruction - constitute a complete cycle of instructional inquiry, making the lesson 
study process consistent with many of the qualities U.S. researchers suggest are 
"effective" for teacher professional development (Darling-Hammond & McLaughlin, 
1995; Goldenberg .& Gallimore, 1991; Little, 1981; Loucks-Horsley et ah, 1998; Putnam 
& Borko, 2000). Indeed, some researchers argue that lesson study is exactly the type of 
teacher professional development process that can help build a usable knowledge base 
for teaching (Hiebert, Gallimore, & Stigler, 2002). 



The perceived effectiveness of lesson study by practitioners has led to its rapid 
spread to schools and districts across the US. (Lesson Study Research Group; Stepanek, 
2001; Takahashi, 2001; Council for Basic Education, 2000; Germain-McCarthy, 2001). 
Teachers report being drawn to lesson study because it engages them in the selection, 
study, and solution of a problem that is important to them. Rather than relying on 
external measures of validity (e.g., standardized test scores) or on controlled 
experimental studies designed to build widely generalizable results, lesson study relies 
on teachers’ close-up study and documentation of student learning, engagement, and 
behavior during actual classroom lessons at their own schools. 

The conflict between lesson study - often experienced and expected by 
practitioners to produce useable results to improve their teaching, but not yet proven 
effective by "scientific" research — and President Bush's Leave No Child Behind reform 
agenda — calling for programs based on sound, scientifically -based research — is 
immediately apparent. The increasing popularity of lesson study raises the question: 
How will we know if lesson study is improving learning outcomes for teachers and, in 
turn, for students? 

Part 1 How do teachers develop knowledge during lesson study? Presentation of 
Models, Methods, and Examples. 

Theoretical Model and Methods t8 mink 

The figure “Capacity Development Through Lesson Study”, adapted from D. Ball 
(2001), represents our current thinking about how teachers use lesson study to build 
capacity for instructional improvement. “Capacity,” consists of three types of resources: 
knowledge for teaching', knowledge of lesson study, and motivation/ efficacy. Four 
system features interact to build capacity: 

1) The teachers’ individual beliefs, knowledge, and classroom contexts; 

2) The lesson study group’s context, interactions and activities.; 

3) The available professional knowledge resources (e.g., print materials, 
knowledgeable others); and 

4) The contexts (state, district, school) in which the lesson study work takes place. 

Two-way arrows between capacity and the system features are an important feature of 
the model. Capacity is conceived both as an outcome of lesson study and as an input to 
further development of lesson study activities. 

The research lesson (shown in the centermost circle) is seen as the catalyst for 
repeating cycles of lesson study activities - planning, observing, discussing, and revising. 
The research lesson is the result of three-way interactions between students, teachers, and 



RAND Corporation (2002). http;//www.rand.org/publications/MR/MR1643.0AlR1643.0.pdf 



Capacity Development through Lesson Study 




Capacity: knowledge for teaching;* knowledge of lesson study; 
motivation/ efficacy to put new knowledge into practice 
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content. As in regular classroom contexts, student-student interactions are seen as a 
central contributor to the lesson outcome. Unlike regular classroom contexts, teacher- 
teacher interactions are also a central contributor to the lesson outcome. For example, in 
the planning phase of lesson study, teacher-teacher interactions about content may 
generate new pedagogical approaches to be included in the research lesson; in the 
discussing phase, teacher-teacher interactions about student conversations may generate 
new approaches to be included in a subsequent research lesson. 

Three major bodies of literature inform our model; research on teacher knowledge 
and change, research on reform implementation and change, and research on professional 
development. The framework, along with those developed by other researchers studying 
the issue of teachers' knowledge development is posted at http://www.lessonresearch.net . 
A reference list from these bodies of literature is provided at the end of this handout. 



Examples to Catalyze Discussion of “Evidence” and Model (9 minutes each, total of 
27 minutes) 

Three examples are presented from one medium-sized elementary/ middle school 
district, which began lesson study during the summer of 2001. The district serves 
middle- and working-class families in a suburban and small urban setting; most lesson 
study activity focuses on mathematics (some language arts), and the founding leaders of 
lesson study included three math coaches and a project coordinator (two of these four, 
who continue to lead the project, are half-time classroom teachers). Teachers participate 
in lesson study on a voluntary basis and receive a stipend of $500. The number of 
teachers participating has increased from 28 to 78 over the past two years. The examples 
are selected to illustrate the wide range of lesson study activities, data collection methods, 
and outcomes (types of capacity) that might be studied even within a single setting. 

1. Example One: Meeting transcripts from a third-grade, school-based lesson study 
group. (Rebecca Perry) 

2. Example Two: Meeting notes, transcripts, teacher interviews and student mathematics 
interviews from a kindergarten lesson study group with outside math specialist. (Aki 
Murata) 

3. Example Three: Videotape and transcripts from ad hoc lesson study group that 
planned, taught, revised, and re-taught a research lesson during a two week summer 
workshop. (Catherine Lewis) 

Part 2: Feedback and Discussion on Models and Evidence 

1. Written feedback from audience (10 minutes) (See response form) 

Written responses will be tabulated and/ or transcribed and, sent to interested attendees 
who provide email address on sheet circulated. 
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2. Discussion with audience moderated by Brian Lord (35 minutes) 2-minute limit for 
individual comments. Each of the examples and the model will be discussed in turn (5- 
10 minutes per topic). Discussion starters: 

Related to Examples: 

■ How convincing was the evidence of teachers’ learning? What is most problematic? 

■ What additional types of evidence would convince you that teachers are learning 
through lesson study? 

■ What are the strengths and shortcomings of the methods presented? What other 
research activities should be considered? 

Related to Model: 

■ To what extent does the model represent your understanding of how teachers learn 
during lesson study? What revisions would you suggest? 

■ Does the evidence fit the model? What changes to the model are suggested by the 
evidence? 

■ In your opinion, what is the seminal literature about teachers’ learning and knowledge 
that should inform lesson study research? 

■ What knowledge development "outcomes" are most relevant to lesson study, and 
should they be considered in sequential stages? 

Comments and Discussion Synthesis, 5 min.: (Akihiko Takahashi) 

Closing comments will be provided by Dr. Akihiko Takahashi, who has more than 
twenty years of first-hand experience in lesson study in Japan and has more recently been 
active in lesson study in the US. 

Participants who sign circulating sheets will receive a database of all attendees and a 
summary of their lesson study activities and/ or research. 

Please leave your written reflection sheets. We will be happy to return a copy to you if 
you so note and provide a mailing address. 
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Evidence of Teacher Learning, 2002-2003 school year 

Example 1 

School Context: The school is in its 2"‘* year as a school-wide lesson study site. This 
year is the first year that group composition has been determined by grade level, a change 
brought about by the principal’s interest in using lesson study to understand and help 
teachers implement a district agenda of standards-based instruction. Teachers are asked 
to select a particular standard to work on during the year and to organize their work 
according to a year-long agenda. The agenda is designed to balance the cycle of lesson 
study activities to include more time for reflection on what teachers learned about the 
standard. 

Group Context: The group consists of five 3'“ grade teachers. Three teachers worked 
together last year in what was considered by them an unsuccessful attempt at lesson 
study, deemed so because the work focused on creating a lesson from scratch and 
because the group had difficulty with group norms (e.g., not showing up at meetings on 
time, not committing to the work). Teachers’ experience ranges from 2 to 25 years. 

Three group members are in their second year of lesson study; one member is in her first 
year; and one member (also a half-time math coach) is in her third year of lesson study. 

Lesson Study Topic: The group selects California Mathematics Standard, Grade 3, 
Number Sense Standard 2.8: “Solve problems that require two or more of the skills 
mentioned above (calculate and solve problems involving addition, subtraction, 
multiplication, and division).” The group interprets this standard as one focused on two- 
step (they later decide that it can be more than two steps, or multi-step) problem-solving. 
They select the standard because standardized test scores reveal that students are weak in 
number sense and because multi-step problem solving is a mathematical concept unique 
to the third grade standards. Through their research, the group identifies a strategy for 
helping students learn problem solving from the Everyday Math curriculum. The process 
includes five steps, which students are to complete to be successful problem solvers: 

1 ) What do you know [about the problem]? 2) What do you want to find out? 3) 
What will you do? 4) Answer the question - Can you write a number sentence to 
show what you did? 5) Check to see if the answer makes any sense. How do I 
know? 

Data Collected: Individual pre and post lesson study interviews with all group members 
(post interviews not yet scheduled); observations of all lesson planning, debriefing, and 
reflection sessions - written field-notes (audio-tape back-up and transcript when 
possible); collected artifacts - teacher reflection forms, student work, math tasks; 
transcript of research lesson. 

Strengths and weaknesses of data presented: The data presented here illustrate what 
teachers learn about problem solving through their lesson study work. The strengths and 
weaknesses of the data seem to be two sides of the same coin: reliance on discussion 
transcripts. While use of the teachers’ actual words enables us to observe the progression 
in their thinking, the transcript data limit us to reported use or intended use of the 
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problem-solving guide as opposed to observed use. Additionally, the data reveal 
opportunities for learning - instances where learning might occur - rather than 
measuring if or how much learning occurs. 

The data reveal that teachers had opportunities to learn about various difficulties students 
have with problem solving, and that teachers located, tried, and decided to integrate into 
their practice an approach to teaching problem-solving. Is the group’s solution - to teach 
the problem-solving process and integrate it earlier into the next year - mathematically 
useful learning that will enable these teachers to teach for understanding and to help 
students achieve the standard? 

Opportunities for Teachers’ Learning about 
Problem Solving through Lesson Study^ 



Before lesson studv: SAT-9 assessments reveal that students have difficultv 
with the number sense standard. Teachers have no shared or systematic 
approach for helping students learn how to do multi-step math problems. 




Teachers identify different curriculum and assessment materials on problem ' j 

solving. [1, 5, 8] 


1 


Through discussion, teachers select particular materials to adapt for their lesson 
study work. [2, 6, 9] 


1 


Teachers try student math task themselves; anticipate student responses. [10] 


* , 


Teachers observe and collect data on how students respond in real classrooms. 
[7, 11, 15] 




Teachers discuss data collected. [3, 12, 16] 


1 


Teachers discuss appropriate instructional responses to observations and data on 
student problem solving. [4, 13, 17] 


1 


After lesson studv: Teachers have learned about, use, and report continued 
intention to use a shared, systematic approach for helping students learn how to 
do multi-step math problems. [14, 18] 



^ The numbers in brackets refer to data presented in tabular format on the following pages. 



AERA 2003, Session 29.058 Lewis, Murata, Perry 





13 



^ The following codes for increased capacity (as interpreted by researcher) are used: kt - knowledge for teaching; Is - knowledge of lesson study; me 
motivation/ efficacy. 
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^ The math task in the lesson reads as follows: ‘The second grade classes at [school] are planning to go on a field trip. What is the least number of buses 

they will need if each bus has 28 seats and they hold 2 people, and one seat in the back that holds 5. Class 1: 20 students, 4 chaperones; Class 2: 20 students, ( 
chaperones; Class 3: 20 students, 5 chaperones; Class 4: 20 students, 5 chaperones; Class 5: 10 students, 2 chaperones. 
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Lesson Study and Teachers' Knowledge Development: 
Collaborative Critique of a Research Model and Methods 

AERA 2003. Division K. Section 7: Session 29.058. April 22, 2003 

Example #2 / Change in Kindergarten teachers' view of a standard 

Background on the Kindergarten lesson study group 

This lesson study group consisted of three kindergarten teachers with 16 to 33 years of 
teaching experience, most of it at the kindergarten level. The teachers had worked 
together in that school for many years and knew each other very well. They 
communicate with each other regularly and their classrooms are in close physical 
proximity to each other. Their first participation in lesson study occurred the previous 
year, when they collaborated in a group with grade 1 teachers as a part of school-wide 
lesson study. At that time they co-planned a grade 1 lesson, so this was their first 
experience planning a kindergarten research lesson. After an initial school- wide lesson 
study meeting in September, they met in October to make a lesson study plan for the 
year. They chose a new California Standard for Grade K which they felt would be very 
challenging to teach: 

Students use concrete objects to determine the answers to addition and 
subtraction problems (for two numbers that are each less than 10) 



Date 


Data 


Course of Learning 


Oct. 


First grade-level meeting. Agenda is to make their lesson study plan 
for the school year. Examine California Mathematics Standards for 
Grade K. Appear confused about the standard for number sense [see 
above]. Say “no way” the students can do it. Difficulty 
understanding the standard. Discuss whether it means students are 
to add and subtract numbers up to 10, 18, 20, or 99. 


Previously, teachers 
taught Grade K students 
to count up to 20, and to 
manipulate objects up to 5, 
or 10 for fast students. 
Their previous end^of-the^ 
year assessment used 
missing-addend problems 
with 3, 4, and 5 as totals. 
New standard appears to 
be very advanced from 
prior practice. Teachers 
seemtofeel 'trapped' in 
teaching the impossible to 
their students. (1) 


Nov 


Teachers continue to discuss the meaning of the standard. Say they 
feel uncomfortable using terms “addition” and “subtraction” as they 
talk. In response to questions from me, they discuss activities they 
have done in previously in their classrooms and the relationship to 
this standard. Discuss whether some decomposition activities (two 
elephants and peanuts, fish in a double-sectioned fishbowl, birthday 
cake with candles with different colors) could be used to help their 
students with the standard. 


There still seemed to be 
some confusion about the 
standard, but teachers 
were beginning to make 
connections between their 
classroom practice and the 
standard. 

(1), (A), (B) 


Dec. 


Interviews conducted with a sample of students (see Interview 
section that follows). Teachers discussed interview results. 


Interview results provided 
an opportunity for the 
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Japanese teaching-learning trajectory for number sense/addition and 
subtraction was also introduced, guided their discussion. 

KW: (about interview tasks) I was surprised when I saw the 
questions. Could any of the students do that? I thought you would 
ask something more simple. 

KC: I thought it was good to do interviews like this one because 
they help us see student strategies. We used to Just teach kids to 
memorize everything, but now we are saying we should see what 
students do, and interviews help. 

KW: Kids did well, didn’t they? They did well. 

KC: (about Japanese teaching trajectory) I really liked the idea of 
such a sequence, and everything seems to be connected to one 
another. 

KW: (about using decomposition for addition and subtraction) It’s 
totally a new concept to me, but it makes sense. It may take a while 
for teachers to think differently for this one. 

KC: It’s too bad that we do this Alien lesson and are done with it. I 
wish we could do more with this. ... I will make a large alien poster 
for all the classes, laminate them, make multiple legs with Velcro, 
and work on this theme throughout the year with different numbers 
of legs. 


teachers to think about 
student thinking related to 
this concept. Japanese 
teach ing-learn ing 
trajectory mapped out 
possible paths of student 
learning. The teachers 
appeared excited as they 
saw what their students 
could do and a possible 
path to help them achieve 
the goal. . They talk about 
how the lesson they are 
planning should be 
extended after lesson 
study. 

(2), (3), (A), (B),(C) 


Jan. 


As the teachers fine-tune the lesson to be taught, they anticipate their 
students’ responses. 

KW: What if kids come up with the combination of 5 and 0? 

KC: If they do, we’ll talk about it, right? But if not, or if they don’t 
come up with certain combination, should we tell them? 

KN: I think we should leave it up to them to decide the categories. 

If we give them the combination, it will be “our” category, if they 
say it, it will be theirs. We want this to be bottom up. 

KW: So, you’re saying that we are not going to talk about 5 and 0 if 
the kids don’t . . . OK. 

KC: Some kids may have wrong numbers written after coloring. 

KN: . . . (students) may color one leg using two colors, too. 

KN: These questions we have been posing would be good ones to 
discuss during post-lesson debriefing. These are not something we 
know now, but something to reflect later on. 


There was no focused 
discussion of the standard 
but the teachers ' 
comments showed that 
they were anticipating 
specific student responses 
now, excited as they 
shared what they knew 
about own students, and 
not totally giving up on 
teaching the standard any 
longer. (4), (C) 


Feb. 


Lesson taught three times in three classrooms. 

KW: Kids did so well, even my LD kid. She found all four 
combinations. I was so proud of her! 

KC: In all classes, there were more than several kids who noticed 
the reverse combinations, like 3 and 2 is 2 and 3. That was good. 
KC: Many kids filled out the number squares quickly. Only a few 
kids needed to count. Many kids reversed the numbers, though. 
KC: All kids, I mean, everyone did well. Everyone could have 
success. It was a good lesson. 

KC: (for future extension of the lesson) As several kids noticed, 
reverse combination of colors may be a good place to extend 
learning. Talk about different ways to make 5. And, make the 


The teachers experienced 
their students ' success. 
From what they 
anticipated that students 
might do, they felt that the 
students did extremely 
well. The teachers seem 
excited as they talked 
about how they would 
extend this lesson for their 
future teaching in the 
classrooms. 

(2), (3), (4), (5), (A). (B), 
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numbers bigger than 5 and engage them in more decomposition 
activities. 

KW: I just saw in textbook that there are several decomposition 
activities. Kids are to make a train of 10 unifix cubes, break it into 
two parts, and record the number combinations. We will do this 
next week. 


(C) 


Mar. 


Teachers reflected on their lesson study experiences. They filled out 
the reflection questionnaire individually then shared their reflections 
with the group. 

The change in their thinking related to student thinking about the 


Teachers expressed 
confidence and excitement 
about teaching the 
standard. They appeared 
to feel good about teaching 
this and know their 
students can do it. They 
seemed to have developed 
a new way to look at and 
think about student 
learning of the concept. 
They repeatedly stated 
how good it was to see 
their students being 
successful. 

(A), (B), (C) 


math concent: 

KW: If you set this up right, all can be successful 

KC: I think this experience is key - a great way to 
introduce concept of joining together before formal 2 + 3 = 
5. 

KN: Students don’t necessarily transfer the idea of “combinations” 
over to “addition” at this early stage. 

KC: When I first thought this, I thought NO WAY! But after alien 
lesson, this makes sense. Our kids can do this. 

KW: Students don’t need to know 9 + 9 is 18, right? As long as 
they can put two 9s together and know that is 18. They can do it that 
way. This standard makes better sense to me now. 

KC: I feel that I can teach the textbook chapter on this now, too. It’s 
not THAT impossible. Students can do more difficult tasks than I 
first thought. 

KC: They (students) are not as impossible as I once thought - 
developing these very motivating lessons helps get to the target. 

The change in their understanding of the math concent: 


KW: Idea of embedded number 5 

KN: Whaf s changed is seeing new ways to discuss and teach this 
concept 

KC: I just never thought about it this way, like number 
combinations and embedded numbers. It makes sense now. If you 
present the way we did, it all makes sense. Also, in the other 
meeting (PD meeting), . . . (we learned) how to subtract numbers 
using decomposition. I really wish that I learned it that way when I 
was little. All I knew was to carry and cross out, and that was hard. 

I wish I knew it that way . . . 

Connection to the future teaching of the standard: 

KW: We need to work on higher numbers up to 18 

KC: I have moved on to the textbooks for combination to 5, nice 

flow from experience 

KN: Use idea of moveable creatures or other objects to create an 
easy tactile way to learn number concepts. Also change numbers (3, 
5, 7, etc.) 

KC: (Textbook) chapter has number combinations. It teaches 3 and 
1 more is 4, 4 and 1 more is 5, etc., so I jumped to that chapter and 
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started it. Nice tie in to the chapter. 

KW: Perhaps (next year), start in November, with ghost and 
pumpkin theme . Students can start that way, and start decomposing 
earlier. 




Apr. 


Reflection is on meeting agenda. Teachers discuss the changes in 
their thinking about the standard. 

KW: We never had to push them up to 18, 10 maybe, even for the 
end-of-the-year assessment, we went up to 5. ... We never had to go 
up to 20, pushing two sets of things together. At the beginning of 
the year, the standard sounded like there was nowhere to go. ... So, 
how are they going to do this? 

KC: But we did up to 5 for the lesson study, and we really liked to 
do this so that everyone could be successful. . . . they are concrete- 
operational, if they can get hands on something, they can go up to 
the higher numbers as long as they can touch it. They can go up 
quite high. . . . Once I found out that it was the standard we had to 
live with, I found many creative ways to do it, like making it in a 
song, or things 

KW: Pushing two sets of things together, for some of them, there is 
a lot of room for error. And, doing it all the way up to 18 is 
challenging, especially for our lower ones. For some, though, it’s 
not a problem at all. 

KN: Despite what we thought, watching our children 
demonstrate their ability to do it is the key to our understanding. 

That made me change my mind about the standard. 

KW: Everyone was able to do it, and I was so happy about that, 
second language kids can do it, special ed kids can do it. 

KN: The nicest thing for me was that I was not too thrilled about the 
way Kindergarten math was changing, how they have so much 
emphasis on workbooks and worksheets. So, it was very nice to do 
something like lesson study. Like, now we are stuck with teaching 
the standard, but we don’t necessarily do it the way they are telling 
us to do it (with worksheets and workbooks). As long as we can 
teach to the standard, we can do Aliens and other things, too. 


Teachers comment that 
seeing the students ' 
success was the key to 
their understanding of 
student thinking and the 
standard. Teachers seem 
to feel they own the lesson 
and the standard now. 
Initially, the standard 
could not be connected to 
their everyday teaching. 
Lesson study provided 
opportunities for them to 
share their confusion, 
discuss different 
interpretations of the 
standard, and anticipate 
their students ' responses 
to specific tasks related to 
the standard. The 
Japanese teaching- 
learning trajectory also 
provided a connection to 
practice. The teachers are 
motivated to teach the 
standard for the next year. 
(2), (5), (A), (B), (C) 



Questions and Issues: 

1 . How do we organize the data to effectively uncover and illustrate teacher 
learning? 

2. What additional data would be helpful? 
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Kindergarten Student Interview Summary 

Background; Student interviews were conducted to assess student thinking, their understanding of 
quantities, and to trace the changes over time. A representative sample of students was selected 
from each of the three classrooms to be interviewed individually (selection was done by 
classroom teachers). Students have been interviewed twice so far this year: December (before the 
research lesson was taught) and April (after the research lesson was taught). Fifteen (15) students 
were interviewed initially in December, but only 12 were interviewed in April (one had moved 
away, one was absent, one was not tape-recorded correctly). The interviews were tape-recorded, 
and the tapes were transcribed. The interviewer also took interview notes during the interviews. 
The data on the 12 students were analyzed longitudinally as a group, while the data on students 
who had only one data-point (3 in December, 5 in April) were also analyzed to compare the 
general patterns. For individual interviews, students were asked three questions: 1) “What two 
numbers make 5 together?”, 2) 2 + 6 (“If we have 2 things, and we have 6 things, how many do 
we have together?”), and 3) 8 - 2 (“If we have 8 things, and we take 2 things away, how many 
things do we have?”). When appropriate, students were also asked to identify two numbers to 
make 10 and 18, 6 + 7, and 13-6. After they stated the answer, they were asked to describe the 
strategy they used to get the answer. Student responses were coded according to Conception of 
Quantities Levels (see the following page). 

Summary of Interview Results : 



Problems 


Responses 


December 


April 


“What two numbers make 5 
together? 


Incorrect response 


50% 


25% 


Identify correct pair 


42% 


0 


Identify more than one correct pair 


8% 


75% 



2 + 6 (“If we have 2 things, 


Incorrect response* 


33% 


42% 


and we have 6 things, how 


Pre-Level I (need support to count all) 


33% 


8% 


many do we have 


Level I (count all) 


25% 


8% 


together?”) 


Level II (count on & finger recognition) 


0 


17% 




Recall 


8% 


25% 



8-2 (“If we have 8 things. 


Incorrect response* 


25% 


25% 


and we take 2 things away, 
how many things do we 


Pre-Level I (need support to count all and take 
away) 


42% 


0 


have?”) 


Level I (count all and take away) 


17% 


17% 




Level II (count down & finger recognition) 


8% 


42% 




Recall 


8% 


17% 



Incorrect response*: The types of incorrect responses for addition and subtraction questions 
changed from December to April. In December, many students solved problems incorrectly due 
to the lack of one-to-one correspondence and giving up (not wanting to try). In April, most 
incorrect responses were due to incorrect recall attempt. 
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Conceptions of Quantities Levels of Addition and Subtraction Solution Methods 

(Adapted from Fuson, 1992a, 1992b; Fuson and Kwon, 1992; Murata and Fuson, under review) 



Level 


Conception of Quantities 


Addition Solution Methods 


Subtraction Solution Methods 


I 


Perceptual unit items 
Single presentation of the 
addend or the sum at a time. 


Count All 

For 8+6. count “1. 2. 3. 4. 5. 6.. 7. 8. 
9. 10. 11.12. 13. 14.” (mavalso count 


Count All and Take Awav 
For 14 - 8, count 14 objects, then 
take away 8 objects, then count the 




one or both addends first) 


remaining 6 objects. 


II 


Sequence unit items 
Simultaneous presentation of 
an addend within the sum. 


Count On 

For 8 + 6, count on from 8 six words 
“8. 9. 10. 11. 12. 13. 14. Mis mv 


Count Down 

For 14 - 8, count 8 words down from 
14. “14. 13. 12. 11. 10.9. 8. 7. 6.6 




total.” 


are left.” 


III 




Derived Facts/Recom 


posing (U.S. students) 




Ideal chunkable unit items 
Simultaneous embedded 
mental presentations of both 
addends and the sum: One 
addend is chunked to relate to 
a known addition or 
subtraction 


Doubles 

For 7+6, use the known double, 

6 + 6=12, then think of 7 + 6 as 1 
more than 6 + 6, therefore 12 + 1 = 
13. 


Doubles 

For 15-7, use the known double, 

7 + 7=14, then think of 15 - 7 as 1 
more than 14-7, therefore 15 - 7 = 
8. 






Make a ten from one number f Asian students) 






Up-Over-Ten 

For 8+6, think 8 and 2 more is 10, 
then take the 2 from 6 (6 - 2 = 4), 
and add it to 10 equals 14 (ten-four). 


Take-From-Ten 

For 14 - 8, think 8 and 2 make 10, 
then add the 2 to 4 (2 + 4 = 6) equals 
14 (ten four). 






Break-Apart-to-Make-Ten 
For 8 + 6, think 8 and 2 make 10, 
separate 6 into 2 and 4, add 2 and 8 to 
make 10, add 4 more to get 14. 


Down-Over-Ten 

For 14 - 8, think 8 as 4 + 4, take one 
4 from 14 down to 10 (14 - 4 = 10), 
then take other 4 down from 10(10- 
4=6), 6. 






Make a ten from five 


s within each number 






Add Fives and Then 
Add Amounts Over Five 
For 8 + 6, think 8as5+3, 6as5 + l, 
then 5 + 5=10 and 3 + 1=4, and 10 
+ 4 = 14. 





NOTE: Recall happens increasingly through the levels, and it varies with individuals. 
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